To meet comprehensive performance requirements of large workspace, lightweight, and low energy consumption, and flexible supported industrial robots emerge, which are usually composed of a six-degrees-of-rotational-freedom (6R) industrial robot and a flexible support. Flexible support greatly expands the motion range of the attached industrial robot. Flexible supported industrial robots have been adopted in surface coating of large structures such as aircrafts and rockets. However, the rigid-flexible coupling exists in these robot systems. When the industrial robot moves, the reaction force and torque of the robot disturb the flexible support and introduce vibration, which may result in the deterioration of the system's terminal accuracy. This study focuses on both the robot body accuracy and system vibration suppression to improve the terminal accuracy of the flexible supported industrial robot. Firstly, based on kinematics analysis, accuracy of the industrial robot is investigated with the local conditioning index. Then, reaction force and torque ellipsoids are proposed with the deduced dynamic model to evaluate disturbances that the industrial robot applies to the flexible support. Considering these two aspects, the high-quality workspace of the flexible supported industrial robot is established. Numerical simulations show that reaction force and torque are effectively limited in the high-quality workspace, which greatly reduce the vibration energy and improve the terminal accuracy of the system.
Introduction
With the wide application of industrial robots in various fields, comprehensive performance requirements of industrial robots are increasing, 1,2 including large workspace, small mass, low energy consumption, and high precision. To meet above requirements, flexible supported industrial robots have been developed, 3 and this robot system is composed of the six-degrees-of-rotational-freedom (6R) industrial robot and the lightweight flexible support with a large workspace. The flexible supported industrial robot has been applied to spraying and hoisting. Figure 1(a) illustrates the coating operation for the C-130 Hercules aircraft of United States Air Force. An industrial robot is attached to the cable platform to complete cleaning and spraying operations. 4 Figure 1(b) shows the spraying scheme for large civil aircrafts. The industrial robot is attached to the end effector of the cable parallel mechanism to cover the wide area. The flexible support is the main difference between the flexible supported industrial robot and the traditional stationary industrial robot. Combination of the flexible support and the industrial robot offers excellent comprehensive performance, but flexible support introduces the system vibration, which may lead to terminal accuracy deterioration. 5 Terminal accuracy of the flexible supported industrial robot depends on two aspects, that is, the accuracy of robot body and vibration characteristics of flexible support under reaction force and torque of robot.
The reachable workspace, which refers to the spatial set of all location points that the robot terminal can reach, is the research basis of industrial robots. 6 In this field, various methods have been proposed, which can be categorized into three methods.
The numerical method of the reachable workspace mainly includes the finite element method and the probability algorithm. 7, 8 The Monte Carlo method is the most well-known one, which applies the theory of probability and statistics to analyze the robot reachable workspace. 9 Joint rotations of an industrial robot are randomly considered and substituted into the forward kinematics to determine the terminal pose. This method can determine the scatter plot of the robot reachable workspace with a simple and standard process but fails to accurately depict the workspace boundary.
The reachable workspace of industrial robots can be accurately deduced with the analytical method. Choi et al. 10 used the hierarchical search strategy to determine the boundary curve of the workspace section. Sauvet et al. 11 solved the workspace boundary with the length constraint of robot arms. Goyal and Sethi 12 used the internal singularity to determine the reachable workspace boundary. The analytical method is precise but complicated.
With the concept of "wrist center," the geometric method divides the six-degrees-of-freedom (6-DOF) orthogonal industrial robot into two components such as positioning and orientation mechanisms. 13 The orientation mechanism determines the terminal posture, while the positioning mechanism determines the reachable workspace. Wu et al. 14 proposed the concept of "virtual wrist center" for non-orthogonal spraying robots and simplified the reachable workspace analysis. The geometry method is intuitive, simple to operate, and easy to understand with good precision, which is adopted in the following analysis.
Various kinematic performance indexes have been proposed to describe the performance change of the industrial robot in reachable workspace, which can be divided into two categories, namely, ellipsoid indexes and conditioning indexes. For the velocity ellipsoid, the volume reflects the overall velocity amplification effect, while the longest radius shows the maximum value of velocity amplification and its direction reflects the dominant direction. The ellipsoid indices are clear and suitable for the analysis of the overall performance trend. 15, 16 The local conditioning index (LCI), established with the condition number of Jacobian matrix, reflect performances such as accuracy, speed, and rigidity. 17, 18 Furthermore, the global conditioning index has been proposed for the optimal design of mechanism. 19 In this article, the body accuracy of the industrial robot is analyzed with the LCI. Reaction force and torque ellipsoids are proposed to show disturbance exerted by the industrial robot to the flexible support.
Kinematic model is the basis to study robot performances. For 6R serial industrial robot, the forward kinematic model is easy to deduce, whereas the inverse one is difficult. The Denavit-Hartenberg (D-H) method is usually adopted to establish the forward kinematic model with the homogeneous coordinate transformation. Considering structure differences, inverse kinematics solution methods can be subdivided into two types. The orthogonal industrial robots with Pieper criteria have analytical solutions, and the inverse kinematics of non-orthogonal industrial robots is usually solved with the numerical method. There are up to 16 sets of inverse kinematic solutions for the 6R nonorthogonal industrial robot and 8 sets of inverse kinematic solutions for the 6 R orthogonal industrial robot. 20 Wang et al. combined Newton-Raphson iterative algorithm with pseudoinverse Jacobian matrix to solve inverse kinematics and efficiently determine a set of solution near the initial value. 21 Kennedy and Eberhart introduced the particle swarm optimization (PSO) iterative algorithm and greatly improved generality of the algorithm. 22 The PSO algorithm is adopted in this study.
The disturbance of the industrial robot is considered to improve the terminal accuracy of the system. 23 In order to analyze the robot reaction force and torque, the dynamic model of the industrial robot should be deduced. The Lagrange method and the Newton-Euler method 24 are two most common methods. Despite differences in the modeling process and characteristics, obtained results are equivalent. The Lagrange method is based on the Lagrange equation. Without considering the joint internal force, the Lagrange method is simple with a standard process but requires tedious partial differential calculations. 25 The Newton-Euler method is a closed-loop recursive algorithm based on Newton and Euler equations. The mechanical principle of this method is simple, the physical meaning is clear, and the derivation process is logical. 26, 27 Considering the joint internal force, reaction force and torque of the industrial robot are calculated with the Newton-Euler method in this article.
In this study, the terminal precision of the flexible supported industrial robot is improved considering both the body accuracy and the flexible support. Within the reachable workspace, the LCI is used to analyze the position accuracy of the industrial robot. Furthermore, reaction force and torque ellipsoids are proposed to evaluate the disturbance exerted by the industrial robot during motion. The high-quality workspace is formed at last. The rest of this article is organized as follows. The second section illustrates the research object and presents the analysis of forward kinematics and reachable workspace. The third section discusses the inverse kinematics. The dynamic model of the industrial robot is deduced and verified with simulations in the fourth section. Body accuracy analysis of the robot is conducted in the fifth section. The sixth section exhibits reaction force and torque ellipsoids, and the highquality workspace is proposed accordingly. The seventh section presents the simulations and illustrates the effectiveness of the high-quality workspace. Finally, conclusions are given.
Workspace and forward kinematics
Our study object, the flexible supported industrial robot, is shown in Figure 2 Figure 2 (c), the platform of CTI system is suspended under 2-DOF (X, Y axis) translational system with two sets of steel ropes and pulleys. The stiffness of the entire CTI Systems is low and the disturbance-resisting capability is weak. The TX250 robot is used to complete the local painting, which is a 6-DOF industrial robot with the nonorthogonal spherical wrist.
Definition of the "virtual wrist" is depicted in Figure 3 . The positioning mechanism is composed of joints 1, 2, and 3, and joint rotation ranges are shown in Figure 3 . The orientation mechanism is composed of joints 4, 5, and 6. Range of the rotation angles is +3p rad (the default angle unit is radian). The reachable workspace is determined by the positioning mechanism with the geometric method. The horizontal and vertical sections are also illustrated in Figure  3 . In summary, the reachable workspace is the middle volume between concentric spheres of radii 0.68 and 2.22 m. According to the D-H method, joint coordinates and dimension parameters are defined as shown in Figure 4 , and parameter values are listed in Table 1 . The transformation matrix between the adjacent two joint coordinates can be expressed as 
And, transformation matrices of the industrial robot, such as 
Equation (2) is the forward position and posture equation for the industrial robot. When the rotation angle of each joint is given, the terminal position and posture of the industrial robot can be determined.
Assume that kinematic parameters of the robot base are
When the joint angular velocities and accelerations are given, translational velocities and accelerations of points in each link can be deduced in the order from the base to the terminal, with deduced transformation matrices. Centroid velocity and acceleration of each link are solved in the forward direction as (i ¼ 0; 1; :::; 5)
Symbols w i , _ w i , and _ v i are angular velocity, angular acceleration, and linear acceleration vectors of coordinate system i. _ v Ci is the centroid linear acceleration vector of link i; and iþ1 i R is the rotation matrix between coordinate systems i þ1 and i, top left section of iþ1 i T. Z i is the Z-axis unit vector of coordinate system i. i e iþ1 is the origin position vector of coordinate system i þ 1 in coordinate system i and e Ci is the centroid position vector of component i (detailed parameters are presented in Appendix 1).
Inverse kinematics
Inverse kinematics calculation of industrial robot can be decomposed into two steps, such as the initial body position and posture analysis and iterative calculation of the inverse kinematics. As mentioned earlier, there are multiple inverse kinematic solutions for the 6R industrial robot. The initial body position and posture of the robot should be determined first in order to avoid collisions between robot and workpiece during the entire trajectory, which also lays the foundation for the local iterative solution.
Initial body position and posture analysis
The orientation mechanism of the industrial robot is flexible and small in size, which mainly determines the terminal posture and has little influence on the robot body pose. The positioning mechanism is composed of first three joints and directly determines the robot position. Multiple inverse kinematic solutions caused by joints 2 and 3 are analyzed below.
Initial body position and posture analysis shows angle ranges of joints 2 and 3 for each set of inverse kinematic solutions. After the analysis, one set of inverse kinematic solutions will be adopted, and the initial value for iterative calculation can be determined accordingly, which will improve the convergence rate of iterative algorithm and avoid multiple solutions. For the TX250 industrial robot, four sets of inverse kinematic solutions can be deduced and shown in Figure 5 . The inverse solution set I is shown with the gray configuration in Figure 5 (a), and q 2 2 ðÀp=2; 0:83Þ and q 3 2 ð0; 1:13Þ. The inverse solution set II is illustrated with the red configuration in Figure 5 (a), and q 2 2 ðÀp=2; 0:83Þ and q 3 2 ðÀ4:28; 0Þ. The inverse solution set III is the gray configuration of Figure 5 (b), and q 2 2 ðÀ3:97; À p=2Þ and q 3 2 ðÀ4:28; 0Þ. The inverse solution set IV is the red configuration in Figure 5 (b), and q 2 2 ðÀ3:97; À p=2Þ and q 3 2 ð0; 1:13Þ. The inverse solution set I is adopted in the later discussion.
Iterative calculation of inverse kinematics
The TX250 industrial robot is non-orthogonal and the inverse kinematics cannot solve analytically, which is converted to the optimization solution based on the deduced forward pose expressions of equations (1) and (2) . The minimum difference between the terminal position and 
posture that expressed with joint rotation angles and the target terminal position and posture is taken as the optimization goal. 
Accordingly, the terminal position and posture can be expressed as the function of joint angles q i as fðq 1 ; q 2 ; q 3 ; q 4 ; q 5 ; q 6 Þ ¼ ½ r 14 r 24 r 34 r 13 r 23 r 33 T . The target terminal position and posture is described as P ¼ ½ x y z n X n Y n Z T . x, y, and z represent the terminal position coordinates in the base coordinate system, while n X , n Y , and n Z are the cosine values of angles between the robot terminal and three base coordinate axes. And, the minimum of the two norm is used as the optimization target:
Based on the optimization model, the PSO algorithm is applied to search the inverse position and posture solutions that meet the specified error requirements (the error adopted here is 10 À6 ). Initial body position and posture is selected as illustrated in "Initial body position and posture analysis" section and initial joint angles are determined accordingly.
The position and posture relation of the industrial robot established above can be expressed as
The velocity mapping between the joint space and the operation space can be obtained by taking the derivative of equation (2) with respect to time, that is
where _ q is the angular velocity vector of robot joints, V is the terminal speed vector, and J À1 is the inverse matrix of 
By taking the derivative of equation (10) with respect to time, we can obtain mapping equation between the joint acceleration and the terminal motion state, which can be expressed as
where _ V is the terminal acceleration vector, and H is the Hessian matrix, which can be obtained by solving the derivative of the Jacobian matrix about joint angles.
Dynamic modeling and simulation
In this section, the Newton-Euler method is adopted to deduce the dynamic model of the industrial robot, in order to analyze the reaction force and torque of the robot acting on the flexible supported teleplatform. Based on deduced kinematics, joint angles are determined with the iterative calculation of equation (8) . Then, joint angular velocities and accelerations are figured out with the inverse kinematics of equations (10) and (12) . Finally, velocities and accelerations of each robot link are deduced with forward kinematics of equations (3) to (6) , which is the basis of the dynamic modeling.
Since the external force and torque exerted to the robot terminal are known, the force and torque of each joint can be solved following the order that from the terminal to the base. Specifically inertial force, joint force, inertial torque, and driving torque of each link are expressed as ði ¼ 5; 4; 3; 2; 1Þ
where f i and n i are force and torque vectors that the link i À 1 acts on the link i in coordinate system i; I Ci is the inertial matrix of the link i relative to the mass center in coordinate system i (unit: kg Á m); F Ci and N Ci : inertia force and torque of link i about the mass center. The reaction force and torque that the industrial robot exerted on the flexible supported teleplatform are solved according to the force and torque of the robot base and can be expressed as
There are no external force or torque for the spraying robot, and f 6 ¼ ½ 0 0 0 T and n 6 ¼ ½ 0 0 0 T . In order to verify the established dynamic model, simulation comparison between the deduced dynamics model and the ADAMS software is carried out. The terminal trajectory is given as
where the total time is 1 s (T ¼ 1 s), ½0; À 0:1; 0:2; 0; 0; 0 is the initial joint angle deduced with the initial body position and posture analysis (dynamic parameters are presented in Appendix 1).
Joint driving torques are shown in Figure 6 , while the reaction force and torque that robot exerted on the flexible supported teleplatform is illustrated in Figure 7 . 
Analysis of body accuracy
The first three joints are in the form of rotating joint-driven pendulum. The joint rotation error will be amplified, and the position accuracy is difficult to guarantee. The last three joints are mainly used to achieve posture, whereas accuracy depends directly on the accuracy of joints. Thus, body accuracy mainly refers to the position precision analysis of the industrial robot in the workspace and is determined by the first three joints. The LCI is used to analyze the precision. The condition number of the Jacobian matrix can be expressed as
where s max and s min are maximum and minimum singular values of the Jacobian matrix, and 1 K < 1. The LCI of the robot is defined as the reciprocal of the Jacobian matrix condition number, that is, G ¼1=K. When the value of LCI is large, the robot terminal has good position accuracy. Otherwise, the accuracy of the robot terminal is poor. According to the previous analysis, joints 2 and 3 determine the boundary of the reachable workspace in the XOZ plane for the 6R industrial robot. Then, the entire reachable workspace of the robot is formed with the rotation of joint 1. Therefore, distribution analysis of the LCI value is carried out on the XOZ section of the reachable workspace, as shown in Figure 8 . Considering potential interference between the motion platform and the TX250 robot, lower part of the reachable workspace is not included in the analysis. The initial body position and posture used in this analysis is the same as the gray link pose in Figure 5 (a), which is in the range of q 2 2 ðÀp=2; 0:83Þ and q 3 2 ð0; 1:13Þ.
From Figure 8 , we can see that the LCI value increases first and then decreases as the terminal moves from the outer boundary to the base. The minimal LCI value appears around the outer boundary, and the minimum LCI value is located at the top left corner with small X value and large Z value. Generally, when the robot terminal moves near the outer boundary of the workspace, the accuracy of the robot body is poor.
Reaction ellipsoid indices and workspace analysis
For the flexible supported industrial robot, the motion of the robot will produce reaction force and torque on the flexible supported teleplatform, which could cause vibration of the flexible supported teleplatform and deterioration of the terminal accuracy. At present, the driving and control modules of the industrial robot are highly solidified. The vibration suppression control methods, such as input filtering, are difficult to implement. Interruptions of the spraying operation as a cost of internal force vibration suppression are not allowed. In this section, reaction force and torque exerted on the flexible supported teleplatform, which are mainly caused by the acceleration of the robot, is investigated. By controlling reaction force and torque within the reasonable ranges, excessive vibration and terminal error are avoided, thus presenting a practical engineering solution to suppress vibration and improve terminal accuracy.
Posture mechanism of the industrial robot is small with lightweight and has little contribution to the reaction force and torque, which is also illustrated in the dynamic simulation result of joints 4 to 6 in "Dynamic modeling and simulation" section. In this section, joints 1, 2, and 3 are mainly considered to establish the reaction force and torque ellipsoids under the terminal unit acceleration requirement. Lengths of long axes of the reaction force and torque ellipsoids are considered as evaluation indices of reaction force and torque exerted to the flexible supported teleplatform. The high-quality workspace is decided by the LCI of last section and reaction ellipsoid indices together.
Reaction ellipsoid indices
The terminal position of the industrial robot is expressed as P ¼ ½ x y z T , while the terminal acceleration unit
The reaction force that exerted on the flexible supported teleplatform is
T . Then, the mapping between reaction force and terminal unit acceleration can be illustrated as
Matrix A can be determined based on the previously established dynamics model. With the singular-value decomposition, eigenvalues and eigenvectors of matrix A can be deduced, which determine length and direction of each axis of the reaction force ellipsoid. The length of the longest axis is considered as the reaction force ellipsoid index. The value distribution of this index in the XOZ section of the reachable workspace is obtained and shown in Figure 9 . The index values range from 70 N to 120 N, and the maximum value appears in the upper left corner. Generally, as the robot terminal moves from the outer boundary to the base, the index value decreases and then increases, and the index value of the inner boundary near the base is large.
Similarly, the reaction torque ellipsoid of the robot can be obtained by establishing the mapping relationship between the reaction torque and the terminal unit acceleration. The length of the longest axis is the reaction torque ellipsoid index. The value distribution of this index can be determined and shown in Figure 10 . The torque ellipsoid index values range from 70 Nm to 200 Nm. The maximum value also appears in the upper left corner, and the minimum value lies in the lower part. The overall value distribution of the torque index is similar to that of the reaction force ellipsoid index. When the robot moves near the boundary, the reaction force and torque are larger and cause greater vibration with worse terminal accuracy.
High-quality workspace
According to the actual accuracy requirements of the industrial robot, value ranges of LCI and reaction spherical indices can be determined. In the follow-up analysis, constraints are given as follows: LCI value !2.5, value of the reaction force ellipsoid index 90 N, and value of the reaction torque index 120 Nm. Above requirements are illustrated in the XOZ section of reachable workspace and shown in Figure 11 .
In the figure, the Fw curve illustrates the flexible workspace boundary, the Fe curve shows the boundary of the reaction force ellipsoid index, the Te curve is the boundary of the reaction torque ellipsoid index, and the Aw curve is the reachable workspace boundary. Intersection of above available areas is the high-quality workspace that meets the terminal accuracy requirements.
Boundary of the high-quality workspace shown in Figure 11 is irregular and difficult to describe in algebra, which is not conducive to the analysis of robot station and trajectory plan. The regularized high-quality workspace is the interior space between concentric spheres and becomes a ring in the XOZ section, as shown in Figure 12 . The center is located at (0, 0, 0.55) m, and inside and outside radius are 1.1 m and 1.935 m, respectively. Besides, the upper and lower boundary can be expressed as cylinder and cone. The expressions of the upper and lower boundaries in the XOZ section can be respectively expressed as The regularized high-quality workspace of the industrial robot can be established as shown in Figure 13 .
Simulations
The numerical simulation is used to verify the effectiveness of the deduced high-quality workspace in terms of limiting the reaction force and torque acting on the flexible supported teleplatform during the motion of industrial robot. As shown in Figure 14 , there are eight straight lines and five points evenly distributed on each line in the XOZ section of the reachable workspace (point locations are listed in Appendix 2). For each line, points 1 and 5 are outside the regularized high-quality workspace, while points 2, 3, and 4 are inside it. The terminal of the industrial robot is located at each point with the acceleration of 2 m=s 2 along three coordinate axes of the base coordinate system. Reaction force and the torque exerted on the flexible supported teleplatform corresponding to each point are organized and shown in Figures 15 and 16 .
In Figure 15 , reaction forces at points 1 and 5 on each line are larger than those at points 2, 3, and 4 and reflect the inhibitory effect of the high-quality workspace on limiting the amplitude of the reaction force. In addition, the reaction force of point 1 is greater than that of point 5, which is in accordance with the value distribution of the reaction force ellipsoid index in Figure 9 . The mean of reaction forces of points in the regularized high-quality workspace is 119.0278 N, which is only 49.54% of the average value of reaction force of points outside the workspace. Figure 16 illustrate that the reaction torques at points 1 and 5 are greater than the reaction torques generated at points 2, 3, and 4, which reflects the effect of highquality workspace on reducing reaction torque. The average reaction torque of points within the regularized high-quality work space is 136.6002 Nm, which is only 48.02% of the average value of points outside the workspace.
Conclusions
Terminal precision of the flexible supported industrial robot was investigated in this study. The reachable workspace for the industrial robot was established based on the virtual wrist. The position accuracy of the robot was analyzed with the LCI. Simulation results showed that as the robot terminal moved from the outer boundary of the reachable workspace to the base, the LCI value increased and then decreased, and the minimal LCI values appear near the outer boundary.
The reaction force and torque ellipsoids are proposed on the basis of the terminal unit acceleration. Lengths of ellipsoid long axes were adopted as indices to evaluate the reaction force and torque that the industrial robot exerted on the flexible supported teleplatform. Value distributions of reaction force and torque ellipsoid indices in the workspace were analyzed. As the robot terminal moved from the outer boundary of the workspace to the base, index values decreased and then increased, and larger values appears on the inner boundary. Finally, a high-quality workspace was established, considering the comprehensive requirements of LCI and reaction ellipsoid indices.
The effectiveness of the high-quality workspace is validated through numerical simulation. Results showed that the average reaction force of points in the regularized highquality workspace was 119.0278 N, which was only 49.54% of that of points outside the workspace. The mean of reaction torques of points in the regularized high-quality workspace was 136.6002 Nm, which was only 48.02% of that of points outside the workspace. The proposed method avoids modifications of the robot control system, ensures motion continuity, and provides a practical solution to improve the terminal accuracy of the flexible supported industrial robot.
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